I. INTRODUCTION
THE approach currently regarded as providing the best analytical framework for selecting securities for an investment portfolio was first set forth by Markowitz and is described in detail in his 1959 book.' The Markowitz approach, however, has not as yet led to satisfactory solutions to the major problems of a real-world portfolio manager.
One reason is that, like its predecessors, the Markowitz model greatly simplifies reality at a number of points, for example, by treating portfolio selection as a one-time act rather than as a continuous process of review and reallocation, subject to transactions and information costs. In addition, the full Markowitz model, with its more explicit recognition of the possible interrelationships among the performances of different securities, imposes new estimating demands on the security analyst and computational demands on the computer, demands which rise very rapidly as the number of securities to be considered rises toward any realistic level.
The purpose of the research reported here was empirically to evaluate the ex ante and ex post performances of a number of single-period portfolio-selection models based upon the Markowitz formulation but representing successive steps toward simpler (but less rigorous) models which pose fewer problems of data preparation and computation. These simpler models represent the covariance relationships between individual securities and one or more indexes of industry or market performance.
For the securities and period studied, our results indicate that the ex post performance of the index models is not dominated by the Markowitz formulation. It also indicates that, for strictly common stock universes, the performance of the multi-index models is not superior to that of the single-index formulation, indicating the secondary importance of industry considerations for common stock portfolios.
The ex post performance of the efficient sets was compared to that of randomly selected portfolios and actual performance of seventy-eight common stock mutual funds. The results indicate that, even with a naive security evaluation model, the efficient sets dominate the random portfolios and are not dominated by the mutual funds.
II. FEATURES OF ALTERNATIVE PORT-FOLIO-SELECTION MODELS
In order to apply the Markowitz technique, the investor must form expecta-tions about the future performance of all securities in his universe. These expectations include not only the expected return and variance of return for each security but also the covariances between all possible pairs of returns. This requirement tends to be very large for security universes of practical size.
For example, in applying the Markowitz technique in a straightforward manner, 5,150 items of input data are required for an analysis of a 100-security universe. These data, in an operational situation, must be supplied almost entirely by the security analyst. A large amount of computation time is required to handle an analysis of practical size. For example, an analysis of a 150-security universe using an existing computer program2 required ninety minutes of IBM 7090 processing time. At the current commercial rate, the cost for this run is $600.
The index models incorporate extensions of the basic Markowitz framework, having been developed to simplify the data preparation problem and to allow the use of efficient computational algorithms which take advantage of the special properties of the index structure. 3 Once the parameters for an index model have been obtained, the expressions for the implicit covariability between the returns of each pair of securities could be used to derive the necessary inputs for the Markowitz model. Identical results would then be achieved by both formulations. This approach was originally suggested by Markowitz (op. cit., pp. 96-101) as a method of reducing the data input requirements for his formulation. In effect, the investor must supply the expected return vector E and the covariance matrix ;N.
The expected return and variance of any portfolio can be expressed in terms of the basic data [E(Ri) and oij values] and the amounts invested in various securities:
Given the above data, the mode erates efficient portfolios which have minimum risk for any given level of return. Note that in this model no simplifying assumptions have been made regarding the relationships among securities. For an analysis of N securities, the analyst must provide estimates of N expected returns, N variances of return, and N(N -1)/2 covariances of return.
SINGLE-INDEX MODEL
The practical application of the above technique would be greatly facilitated by a set of assumptions which would reduce the estimation task. One such set of assumptions is the single-index model. This approach, first suggested by Markowitz as a method of preparing input for the first model described, was later developed by Sharpe in a way that took computational advantage of the structure of the data.5
The major characteristic of the singleindex model is the assumption that the various securities are related only through common relationships with an index of general market performance. In this model, the return from any security is determined by random factors and a linear relationship with the market index: Ri = Ai + Bi I + Ci, where Ai and Bi are parameters which can be determined for each security by least-squares regression analysis. Ci is a random element. I is the level of some index, such as the Dow-Jones Industrial Average, GNP, or any specially constructed index that is more closely aligned with the specific purposes of the analysis. that is, the yield residuals are uncorrelated. This assumption states that the returns on any two securities i and i' are related only through the relationship with the market index I.
The contribution made by Sharpe was to show that, if you start out with the linear relationships defined above, then by appropriately introducing a new variable, a dummy N + JST security, a special type of covariance matrix is obtained. The covariance matrix, which is full in the N securities Markowitz formulation, contains non-zero elements only along the N + 1 diagonal positions for the single-index model. Everywhere off the main diagonal XN+1 has zero elements. This vastly reduces the amount of computation required to generate the efficient set of portfolios, as the process requires repeated inversion of the covariance matrix. When a computational algorithm is used which takes advantage of the diagonal form of the covariance matrix, the efficient set of portfolios can be obtained at approximately 1 per cent of the computation cost required for the full Markowitz formulation. The dummy N + 1ST security can be considered as a weighted responsiveness While reduction in computation time is an important factor in the research and development phases of portfolio-selection models, the most important characteristic of this model with regard to operational application is the reduction in security data required. Only three estimates are required for each security, Ai, Bi, Qi, and two for the market index, AN+1, QN+1, rather than estimates of each element in the variance-covariance matrix. Thus the number of estimates required is reduced from N(N + 3)/2 in the Markowitz-model formulation to 3N + 2 in the single-index formulation.
MULTI-INDEX MODELS
The single-index model presents a great simplification, in terms of both necessary inputs and computation, over the original Markowitz formulation. The question arises, however, as to whether this formulation is an oversimplification.
In tying the variability of security yield only to a general market index, some of the important relationships among securities-originally expressed in the Markowitz formulation as independently determined covariances between each pair of securities-may be lost. It is hence possible that the original single-index model does not generate a truly efficient set of portfolios.
This potential deficiency would be particularly acute when several classes of securities are being considered for inclusion in the same portfolio. It would not appear realistic that a single index of market performance would provide an adequate base for expectation about the future performance of common stocks, preferred shares, bonds, and other types of assets.
Part of the purpose of this research is to investigate empirically the differences in the results from the Markowitz and sing]e-index Sharpe formulations for universes of common stocks. Given the wide gap between the relatively rigorous method by which the traditional Markowitz technique treats the relationships between securities and the very simplified way this is done in the single-index model, it seemed appropriate to consider other models of inteimediate complexity between these two extremes. This would allow us to capture the covariance relationships in a potentially more efficient manner than the single-index model, while at the same time achieving some computational savings over the general Markowitz approach.
To this end, we have developed two multi-index models; one we call the covariance form of the multi-index model; the other, the diagonal form of the multiindex model.
All of the index models are similar in that they relate the return for any security as a linear function of some index.
However, in the multi-index model, rather than using a general market index we use a number of class or industry indexes. In the case of strictly common stock universes, the class indexes can be thought of as industry indexes. In dealing with different classes of securities, such as preferred stocks, common stocks, government bonds, corporate bonds, and so on, a special appropriate index could be defined for each of these classes of securities.
The first multi-index model, the co- is the expected value of I and CN+M+1 is a random variable with mean zero and variance QN+M+1. CN+M+1 is assumed to be uncorrelated with any of the other security or index residuals, that is,
As developed in the Appendix, the expressions for the return and variance of a portfolio are given by
where XjV+j= EXiBt,
where X' = (X1, . . ., XN, XN+1, ...
When the form of the covariance matrix 2N+M+1 is examined, it is found to be completely diagonal, as it was in the case of the single-index model. It is not the same covariance matrix, however, because even though we are in a sense relating each security ultimately to a market index, due to the differences in the assumptions about the properties of the yield and index residuals, the covariance matrixes will be different.6
COM:PARISONS OF THE MODEL FORMULATIONS
To summarize at this point, it is seen that we will be considering four different versions of the efficient frontier. The four models theoretically form a decreasing sequence with respect to the completeness by which each model represents the true covariability between the securities of the universe. Starting with the complete Markowitz formulation, we have an exact representation of the covariance relationships.
Next we have the multi-index model, covariance form, where the universe has been divided into classes or industries. The relationships among the industry indicators are completely maintained in this model by the inclusion of a full variance-covariance matrix for these indexes.
In the next model, the diagonal form of the multi-index model, we attempt to relate the levels of the industry indexes through their relationship with a common index of market level. Thus instead of an exact representation of the covariability of the indexes, we are now using a linear model, with its inherent assumptions about homogeneity of variance and non-correlation of residuals. Hence this is a less complete representation than the preceding model. In the final model, the single-index formulation, we have made the assumption that the returns on all securities in the universe are related only through their common dependence on the general market index. However, along with this decreasing ability to represent the true covariance matrix, comes increasing ease of computation or decreasing of compu-tation costs because each of these models generates a covariance matrix that is successively easier to invert.
Rather than developing specific computationally efficient programs for each of the index models, we have used an existing general-purpose portfolio-selection. computer program7 to in effect simulate the structure of each of our models. The program, being very general in nature,
does not make use of computational efficiencies which are inherent in the data structure of the various index models.
Thus we cannot make statements about the computational properties of the index models other than to specify a computational ranking based on our knowledge of the structures of the models. We are more concerned at this time with empirically investigating the relative performance of these models. Given the superiority of one formulation in a particular circumstance, it would then be appropriate to develop an efficient, computational code, if one does not already exist.8
III. DATA AND TESTS USED
The test samples of 75-and 150-security universes have been prepared using yearly price and yield data for the periods 1947-57 (ex ante) and 1958-64 (ex post).
The ex ante efficient portfolios generated by each of the four models have been examined to compare (1) the location of the ex ante efficient frontiers; (2) the composition of the efficient portfolios; (3) the performance of the ex ante efficient portfolios during the ex post period. In addition, the ex post performance of the efficient sets has been compared to that of randomly generated portfolios and the actual performance of seventyeight basically common stock mutual funds.
In order that the results of the research be more meaningful to the institutional investor, we have placed upperbound constraints on the amount of any security which can be contained in an efficient portfolio. In practice, many institutional investors have legal restrictions on the proportion of their portfolio which can be invested in any one security. Others adhere heuristically to such restrictions to avoid becoming formally involved as major shareholders in the companies in which they invest. In other cases, it may still be desirable to employ upper-bound restrictions as a method of hedging against the risk of biases in the input data.
Formally, these limits can be considered to be upper-bound constraints on the variables Xi. Such upper bounds have been introduced into all four of the portfolio-selection models with which we deal in this paper. When efficient portfolios have been generated from a uni verse of seventy-five common stocks, the upper-bound constraints have all been set equal to 0.05, insuring that a minimum of twenty securities appears in each portfolio; when a universe of 150 stocks has been used, all the upper bounds have been equated to 0.025, so that the minimum number of securities in a portfolio is forty.
Before presenting a description of the empirical findings, some of the considerations involved in developing input data for the study will now be discussed. 1947-57 and 1958-64 . Security information from the initial eleven-year period was used to develop the required estimates for each portfolio-selection model. Data from the final seven-year period were used to evaluate the ex post performances of the sets of efficient portfolios.
To measure the yield for a security in any year, both capital gains and dividends were considered.9 For simplicity, tax effects were not considered. Yields were computed for each of the 543 securities in each year of the 1947-64 period.
These yields were then used to develop market and industry indexes for the index models.
Rather than using any of the standard published indexes, an aggregate performance index was computed which was more pertinent to the investment performance of our security universe. This index used is an unweighted arithmetic average of yields of all securities in the 543-security universe.'? The universe of securities was divided into ten industry subgroupings, and similar industry indexes were computed for each industry.
In order to generate the expected values of returns for the Markowitz model and the expected value of the indexes for the index models, the following assumptions were made:
1. The expected return for each security for the period 1958-64 was assumed to be an arithmetic average11 of the yearly returns in the initial period.
2. Similarly, the expected value (AN+ 1) for each industry or general index was assumed to be an average of the actual levels in the 1947-57 period.
3. Similar assumptions were made regarding variability and covariability of security yield and index level. Estimates of future variability were assumed to be equal to those computed for the initial period.
4. The expected future values of the parameters for the index models (Ai, Bi, Qi) were assumed to be equal to the values developed in the 1947-57 period using least-squares regression techniques.
In effect, we are assuming that performance in our seven-year evaluation period can be adequately predicted from 9 Yields were calculated for each year in the following manner:
is the yield on security i in year t.
10 For the rationale underlying this type of index, see Kalman J. Cohen and Bruce P. Fitch, "The Average Investment Performance Index," Management Science, Series B, XII, No. 6 (February, 1966), B-195-B-215. 11 We use the arithmetic rather than geometric average here because we are not interested in the average compounded rate of growth of a portfolio over a successive number of years. Rather, since we are dealing with static selection models, in which the definition of time horizons is arbitrary, we prefer to consider our ex post and ex ante periods as effective "single-year" periods in which the return vectors R = (R1,..., RN) are independently distributed according to the probability distributionsfi (R1, . . ., RN), i = 1 (ex ante period), 2 (ex post period).
Thus the eleven observations arbitrarily allocated to the ex ante "period" can be assumed to be random and independent observations from the population of "one-year" returns. As such we use a leastsquares, or arithmetic averaging, technique to estimate the mean of the ex ante distribution fi (RI, ..., RN).
As of the end of 1957, when the portfolios are selected, the moments of f' (R1, . .. , RN) are assumed to be the best estimates of the unknown moments of f2 (R1, . .. , RN). In developing the actual moments of f2 (RI, . . . , RN) for evaluating the ex post performance of the ex ante efficient portfolios, a similar argument applies, i.e., the seven years of data can be assumed to be seven random and independent observations from f2 (RI, . . . , RN). the performance during the eleven-year base period. In order to avoid possible misunderstandings, we must stress that in an operational situation we would definitely not advocate any method of forming future expectations which is based strictly on historical data. We have adopted such a method in this study because we are concerned at this time with only a part of the portfolio-analysis process. The naivete of our security-evaluation model should not change any conclusions we may wish to make about the relative performance of various portfolioselection techniques.
When the efficient frontiers had been generated, the yield data from the 1958-64 period were used to calculate the true ex post return and variance of the efficient portfolios. The computation method for all models was that specified for the Markowitz formulation, using the true covariance matrix.
All calculations were carried out for both the 150-and 75-security universes. The 150-security universe is a randomly chosen subset of the 543 common stocks available. The 75-security universe is a randomly chosen subset of the 150-security universe. This nesting of the universes was established so that the comparisons of the results obtained from the 75-security and the 150-security universes would primarily portray the effects of universe size rather than of differences in the nature of the securities.
To provide a basis for an objective comparison of the ex post performance of the efficient sets, the actual performances of randomly generated portfolios and some common-stock mutual funds were considered.
Two groups of sixty random portfolios were chosen, one group to correspond to each universe size, that is, such that the random portfolios would have approximately the same numbers of securities per portfolio as efficient portfolios selected from the respective universes.12
The seventy-eight mutual funds were selected from Those selected include all growth, growth and income, and income with growth funds which have continuous histories for 1958-64. The basic yearly "return" for the mutual funds used is defined as the percentage change in net-asset value per share plus capital gains distributions plus income dividends. The average return and variance of return for each mutual fund over the seven-year ex post period was computed in a straightforward fashion consistent with previous ex post calculations. In effect, each mutual fund was treated as a separate portfolio for evaluation purposes.
ANALYSIS OF THE CORRELATION ASSUMP-TIONS IN THE INDEX MODELS
If the returns of all securities in the universe were related in such a manner that the various yield and index residuals in each model were absolutely uncorrelated, that is, E(Ci. Cj) = 0, for i $ j, over the time horizon considered, then the index models would represent the true covariability of the securities identically. However, the assumption that the residuals are uncorrelated is an approximation. By assuming the various residuals to be uncorrelated for the purpose of model formulation, the implied covariances among securities in the index models will differ from the true covari-12 For comparison with the 75-security universe efficient portfolios, the random portfolios were selected to contain 20 securities. For the 150-security universe, each random portfolio consisted of 40 randomly selected securities. Equal dollar weights were given to the securities contained in each random portfolio. ance as defined by the Markowitz model. ducing the covariability between securities, which in turn will cause the "reduced" covariance matrixes implied by these models to understate the variance of efficient portfolios generated by them.
It is interesting to note that the distribution of correlation coefficients for the multi-index model is only slightly less dispersed than that for the single-index model. Thus the structuring of the models to include a number of indexes has not had as major an effect on reducing the covariability among yield residuals for the universe of common stocks considered as might have been expected. are assumed to be mutually uncorrelated. While Tables 1, 2 , and 3 are interesting insofar as they indicate how well some of our individual assumptions are satisfied, a more aggregate measure, which is perhaps more meaningful to the final selection performance of the models, is how well the models are able to reproduce the true covariances between individual security returns. To obtain a measure of this relative ability, the correlation matrix implied by each of the index model3 was compared with the true correlation matrix used in the Markowitz model."4 While the multi-index models most closely represented the true correlations among securities within the same industries, the relationships among securities in different industries were somewhat better represented by the single-index model. Because of the much larger number of interindustry as opposed to intraindustry comparisons, the single-index model was found, on the average, to better represent the true correlation matrix. Table 4 indicates the distributions of coefficient differences for the single and multi-index (covariance form) mod- 14 The true correlation matrix, as used in the Markowitz formulation, was compared with the implicit correlation matrix of each of the index models for the 75-security universe. Each matrix consisted of 2,775 coefficients above the main diagonal, of which 2,484 had been generated by interindustry security correlations, and only 291 coefficients were the result of correlations among securities in the same industries.
Differences were taken between the true correlation coefficients and the equivalent correlation coefficients generated by each index model. The distributions of intraindustry and interindustry differences were then compared.
The distribution of differences for the 291 intraindustry correlations was more tightly distributed about zero for the multi-index model. However, the distribution of the 2,484 interindustry differences was slightly more centralized for the single-index model. Thus, when the differences for the total matrix were examined, the single-index model was found, on the average, to better represent the true correlation matrix (see Table 4 ). els for the 75-security universe for the period 1947-1957. The reason for this slight superiority is that the compound assumptions required to introduce the multi-index structure appear to introduce more error into the implicit correlation between two securities in different industries than the singleindex model. This is felt to be the result of dealing with strictly common stock universes, in which the industries tend to .600 to .699 .003 1.000 .002 1.000 .700 to .799 .000 1.000 .000 1.000 .800 to .899 .000 1.000 .000 1.000 .900 to 1.000. .000 1.000 .000 1.000 using the true ex ante covariance matrix The interesting feature of Figures 1  and 2 is the relative locations of the single-and multi-index frontiers. The single-index frontier tends to dominate those of the multi-index models over a wide range of expected returns. This is related to the ability of the single-index model to represent large parts of the true covariance matrix more effectively than do the multi-index models, for universes of strictly common stocks. As previously discussed, if we were dealing with a wider class of securities, one would expect this result to be reversed.
It is also noted that the single-index model tends to understate the standard deviations of efficient portfolios to a greater extent than the multi-index models. This is seen by comparing the relative upward shifts in proceeding from These figures also illustrate the comrbined effects of jointly changing the universe size and the upper-bound restrictions. Increasing the universe size from 75 to 150 securities gives the models greater opportunity to increase return for the same level of risk. Hence we would expect that increasing the universe size should shift the efficient frontiers to the right. Conversely, decreasing the upperbound restrictions for some given universe size should have the opposite effect. The results shown in these figures illustrate that, for the security sample considered, doubling the universe size had a much stronger effect than halving the upper-boun'd restrictions. In this case, it would be necessary to more than halve the upper-bound constraints to balance doubling the universe size. On the basis of this limited sample, we might conjecture that the ex ante expectations may be more sensitive to decisions which restrict the universe size than to decisions regarding the size of the upper-bound restrictions to be placed on the proportion of the portfolio that can be invested in any one security. more securities, of which a progressively higher percentage are at fractional or unconstrained levels. Thus the multiindex portfolios tend to be structurally more similar to the optimal portfolios, but as seen from Figure 3 , they have a greater compositional variance.
In Tables 6 and 7 15 A statistical comment should be made with regard to these risk-return relationships. It is possible to obtain a positive relationship between sample portfolio mean returns and variances of returns even though all of the samples were drawn from the same underlying density function f(R, ..., RN). This would result if the single underlying distribution was positively skewed, in which case the covariance of sample means and variances would equal the third population moment about the mean divided by the number of observations in each sample (i.e., COV [mI, m21 = , u3/N) . If this were the case, then the slope coefficient observed would only be a function of the skewness of the underlying distribution.
Evidence from various researchers has indicated that security-yield distributions tend to be positively skewed. In this case, the above statistical problems would arise in attempting to correlate the mean annual returns of different securities with the variances are not dominated by the efficient portfolios.
4. There is no strong evidence (at the 5 per cent level of significance) for the absolute dominance of any of the portfolio selection models over the total range of returns available. There is a tendency for the Markowitz model to perform most effectively over more restricted ranges, followed by the covariance form of the multi-index model.
V. CONCLUDING REMARKS
On the basis of empirical evidence provided in the study, the single-index model is seen to have more desirable ex ante properties than the more elaborate multiindex formulations. In particular, the ex ante efficient portfolios produced by the single-index model have lower expected risks than those of the multi-index formulations for equivalent levels of return, and the former are computationally less costly to obtain than are the latter. The ex post picture is not cleai. The lack of clearer ex post differentiation is due in part to the naivete of our security model and in part to the fact that only common stocks are included in the universes of securities considered. It thus does not appear worthwhile at this time to devote effort to developing an efficient computational algorithm for one of the multiindex models, if our primary interest is in common-stock universes. When broader universes of securities are considered (e.g., when various types of bonds and preferred stocks are included along with common stocks), it is expected that the richer representation of the variancecovariance matrix permitted by the multi-index models in comparison with the single-index model will become more relevant and more necessary. If such is the case, then, as shown in this paper, the diagonal form of the multi-index model would be the most useful. This model's ex ante and ex post performances are almost identical with the covariance form, while it has more desirable computational properties. The computational requirements for this model are only slightly more complex than those of the Sharpe single-index model. (As with the singleindex model, the diagonal multi-index model has a "diagonal" form covariance matrix.)
Despite the admittedly naive securityevaluation model which provided the input data to the four models considered in this paper, it is encouraging that the ex post performance of the efficient portfolios selected by each of these models clearly dominated the ex post performance of randomly selected portfolios. The actual performance of the mutual funds during the ex post period also clearly dominates the performance of both sets of random portfolios."6 16 In a recently published paper, Friend and Vickers stated: "We conclude, therefore, that there is still no evidence-either in our new or old tests, or in the tests so far carried out by others-that mutual fund performance is any better than that realizable by random or mechanical selection of stock issues" (Irwin Friend and Douglas Vickers, "Portfolio Selection and Investment Performance," Journal of Finance, XX, No. 3 [September, 19651, 412) . The evidence that we have obtained in our study stands in clear disagreement with their conclusion, even though the time periods considered for the ex post evaluations are almost identical. Friend and Vickers did not use the actual investment returns achieved by mutual funds, as we did; furthermore, their random portfolio returns were based not upon random portfolios of actual common stocks, as were ours, but rather, upon random portfolios invested in composite industry indexes. Since mutual funds in fact reconstitute their portfolios when their managers feel that this will improve investment performance, and since neither mutual funds nor individual investors can in fact invest in composite industry indexes rather than individual securities, we feel that the methods of comparison employed by us are more relevant than those utilized by Friend and Vickers.
In the same paper (p. 413), Friend and Vickers also state: "This paper, in addition, points up the dangers of using past measures of return and variance as a basis for portfolio selection, or of assuming It is also interesting to note that the ex post performance of the efficient portfolios was not dominated by (and if anything was superior to) the ex post performance of the mutual funds. This result is particularly striking, since the mutual funds were fully managed during the 1958-64 evaluation periods, while the efficient portfolios were unchanged after their initial selection. Furthermore, the mutual funds presumably employed a more sophisticated (and certainly a more expensive) method of security evaluation than the naive procedure employed by us in generating efficient portfolios. Finally, the mutual funds were able to invest a much broader universe of common stocks than we employed in our analysis.
In the light of all these factors, the results we have obtained definitely suggest that formal models for selecting efficient portfolios must be considered as very relevant components in the development of improved normative procedures for investment management.
that the procedures for portfolio selection outlined by Markowitz provide any clues to future investment performance." We wish to stress that the conclusions we have reached in this study strongly contradict this statement by Friend and Vickers. 
